Journal Applied Mechanics and Technical Physics, Vol. 36, No. 4, 1995

AXISYMMETRIC SURFACE BUCKLING
OF AN ELASTIC HALF-SPACE UNDER COMPRESSION

0. I. Ivanishcheva and V. G. Trofimov UDC 539.3

The subject of investigation is the axisymmetric surface buckling of a transversally isotropic half-space
under compression in a three-dimensional setup. Subcritical strains are assumed to be small and homogeneous.
A half-space, transversally isotropic with respect to the Oz3 axis, is compressed in two mutually
orthogonal directions along the Oz; and Oz; axes under a load of intensity p. A compressive load of intensity
q is applied to the surface z3 = 0 of a half-space.
Let us use the linearized stability equations [1]
[U;m - pjnu:n,n],j =0,

where 07, and uy, are strain and displacement disturbances. When the body is transversally isotropic and
the load is given by p11 = p, p22 = p, and p33 = ¢, the stability equations have the form

(a1 = p)ui gy + (Gr2 — p)uj 22 + (G = @)u] 33 + (Gr2 + a12)uj 15 + (G + az)u3 13 = 0,
(Grz + a12)ul 12 + (G12 — p)u3 11 + (@11 — p)us 20 + (G — q)uz 33 + (G + a13)u3 23 = 0, (1)
(G + ai3)ui 13 + (G + a13)uj o3 + (G — p)(u3 11 + u322) + (a33 — q)ujz 33 = 0.

By means of the two-dimensional Fourier transform with respect to the z; and z2 coordinates

1 +00 +00
ui(mae) = 5= [ [ wilar,z2,30) exp(i(Gar + n22)) day dos,
—00 —00

stability equations (1) are transformed into the following system of ordinary differential equations with respect
to the Fourier transforms of displacement disturbances u;({, 7, z3), v2({, 7, z3), and u3({,n, z3):

((a11 = p)C* + (G1z — P)n*)ur — (G — q)u1,33 + (n(Grz + a12)uz + i((G + a13)us 3=0,
(Gr2 + ax2)Cnuy + ((Grz — p)¢% + (@11 — p)n°)uz — (G — Q)u2,33 + in(G + ar3)uzz =0, (2)
i(G + a1a)(Cur 3 + nuz3) + (G — p)pPus — (ass — q)uz 33 =0
(p* = (% + n?). Under the assumption that uz = (7/{)u1, system (2) is reduced to two equations:
p*(a11 — p)ur — (G — q)ua 33 + i¢(G + a13)us 3 = 0,

- 2/ -1 2 (3)
#(G + a13)p*({) w13 + (G — p)p°us — (a3z — q)uz 33 = 0.
In turn, the system of equations (3) reduces to the equation of the fourth-order
u3,3333 — pobiu3 33 + p*bouz = 0. (4)

Here
by = ((G — 9)(G = p) ~ (a13 + G)? + (an1 — p)(ass — 9))/((G — ¢)(a3z — q));
b2 = ((a1 — P)(G — p))/((G ~ ¢)(as3 — 9))-
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The local buckling of the surface is characterized by fading of displacement disturbances as the distance
from the epicenter of the disturbances increases. The solution to differential equation (4) is depth-fading off
the surface when z3 — —oo and has the form

u3((,n, z3) = C1((, ) exp (pk1z3) + Ca((,n) exp (p k2 23),

where C1(¢,n) and C3({,7) are arbitrary functions;
k12 = (0.5b; % (0.255% — by)%5)%5.

Disturbances of displacements also have to fade when |z;] — 00, and |z2]—c0 which corresponds to fading
of their Fourier transforms when |(| — oo and |§| — oo. To satisfy this condition, assume that C1(¢,q) =
Ay exp (—pc), Co(¢,n) = Azexp(—pc) (A1, Az are arbitrary constants and ¢ is a positive constant). Finally,
we write the Fourier transform of displacement disturbance u3((,7n,z3) in the form

u3(¢,n,z3) = Arexp (p(k1z3 — c)) + Azexp (p(k2z3 — c)). (5)

Fourier transforms of displacement disturbances ui((,7n,z3) and u2((,n,z3) are determined from
system (3):

u1(¢,n,23) = (:¢/p)(A1m1 exp (p(k123 — ¢)) + Azmz exp (p(k2z3 — ¢))), (6)
u2(C, 1, 73) = (in/p)(A1m1 exp (p(kr1z3 — c)) + Aemz exp (p(k2z3 — ¢))).
Here
my = ki(d1 — d2k1);  me = ka(di — d3k2);
di = ((G - p)(G — ¢) ~ (a13 + G)*)/((a13 + G)(an1 — p));
dz = ((a33 — 9)(G = 9))/((13 + G)(a11 — p))-

We use an inverse Fourier transform to calculate the originals of the displacement disturbances:

- +00 400
“§($1,$2,$3)=%/ /uj(C,n,fa)eXP(i(Cwl+ﬂ$2))dCdﬂ-

-0 —00

After computations we get
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where r? = 23 + z3.

To determine the arbitrary constants A; and Az, we employ the boundary conditions [1]

P:r‘z = nj(a';m - pjnu:n,n(l - 5""1)),

which on the surface z3 = 0 under the given load p33 = ¢ take the following form:

Pf=Gujz+uzy) —quis P§=Gujs+ujs) —quis, P5=ais(uly+ujy) +asuis (7
If the load ps3 = ¢ on the surface z3 = 0 is a “tracing” one, disturbances Py = —qui,, P; = —quj,,
and P; = 0 appear. The equality P = Py = P; = 0 holds for “dead” load disturbances. Let us apply a
two-dimensional Fourier transform to the boundary conditions (7). In the case of a “dead” load, we have

(G- qQ)u1,3 — 1 GCuz = 0, (G- qug3—iGnau =0, a3u3z3-— ta13(Cur + qua) =0. (8)
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Substitution of the transforms of displacement disturbances (5) and (6) into the boundary conditions (8)
yields an algebraic system of linear homogeneous equations with respect to the unknowns A; and As:

A1((G - 9)kim) — G) + A2((G — g)kam2 — G) = 0,
A]((G - q)k1m1 - G) + Az((G - q)kzmz - G) = 0,
Ai(ayzmy + assk1) + A2(a13mg + aszks) = 0.

Since the first two equations coincide, the requirement of the existence of a nonzero solution of two linear
equations leads to the characteristic equation for “critical” loads py and go:

(k1 — B2)((G — q)aizmamy + a33G) + (m1 — m2)((G — ¢)asakikz + a13G) = 0.
In the case of a “tracing” load, after analogous computations we obtain the characteristic equation

(k1 = k2)((G = g)aramima + a33(G + q)) + (m1 — m2)((G — Q)asski ks + ay3(G + ¢)) =0.

Computer analysis shows that:

(1) local surface buckling is possible only in media with small shear rigidity G = Gy3 = Ga3 since in
other media the critical load py has a very great value and becomes unreal;

(2) the critical load pp increases only slightly with the growth of the elastic modulus ratio Ey = E/E*,
where FE is Young’s modulus in the plane of isotropy z;0z2 and E* is Young’s modulus in the direction of
the Oz3 axis;

(3) the load ¢ on the surface z3 = 0 increases only slightly the critical load pg compared to the case of
a free surface;

(4) the critical loads pg are equal in the case of “dead” and “tracing” loads q on the surface x3 = 0.
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